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Abstract
We construct a geometric structure on deformed supermanifolds as a certain subalgebra of the vector fields. In the classical
limit we obtain a decoupling of the infinitesimal odd and even transformations, whereas in the semiclassical limit the result is a
representation of the supersymmetry algebra. In the case that the structure is mass preserving we describe all high energy corrections
to this algebra.
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1. Introduction and preliminaries
In this text we present the definition of a geometric structure on deformations of supermanifolds which we call
SUSY structure. More precisely, we construct a subalgebra S of the vector fields on the deformed supermanifold
such that in the semiclassical limit we obtain a representation of the supersymmetry algebra. We develop in detail the
tools we need to formulate the construction of S before we discuss examples. In particular, as an important example
of such structure—a structure which preserves mass dimension—we will describe all high energy corrections in detail.
The physical notations which we used above are naturally motivated after introducing the mass dimension in Section 2.
In particular, the different limits are closely related to certain ranges of values of the deformation parameter which
may be interpreted as energy. Their meaning will be specified in Definition 2.7.
Consider the graded manifold M = (Mred,A) where Mred is a (pseudo) Riemannian spin manifold. By ∇ we
denote the Levi-Civita connection on Mred. Furthermore A := ΓΛS is the space of sections in the exterior bundle
of the spinor bundle S over Mred. The splitting of A = A0 ⊕ A1 into even and odd forms define the even and odd
functions on M . The derivations of A are called vector fields on M and will be denoted by X(M). The vector fields
inherit a natural Z2-grading X(M) = X(M)0 ⊕ X(M)1 which is given by derivations which preserve or change the
degree of homogeneous elements in A, respectively.
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conjugation on S. The charge conjugation is a non-degenerated, spin invariant, bilinear map which yields an identifi-
cation Γ S∗  Γ S. It provides a morphism C∗ :Γ S ⊗ Γ S  Γ End(S) → ΓΛ∗TMred and we denote the projections
on the respective summands by Ck :Γ S ⊗ Γ S → ΓΛkTMred. The induced projections are either symmetric or skew
symmetric. This depends on the choice of charge conjugation and we denote the symmetry by Δk ∈ {±1}. The mor-
phism C∗ needs a few words of explanation. If the spinors are taken to be complex, the target space of C∗ should of
course be taken complexified, too. In this case and if S is the minimal representation C∗ is an isomorphism if dimM
is even but maps onto one half of the forms if dimM is odd—see [12] or [4] for more details. If S is taken to be real
the discussion is more delicate. Depending on the signature of the metric the spin representation is real, complex or
quaternionic and a construction of real spinors, in particular in the complex and quaternionic case, needs a doubling
of the complex spinors. In these cases C∗ is not 1:1 but 1: 2α with α = 0,1,2 or 3. For an elaborated discussion on the
restriction to real spinors as well as the symmetry of the projections we cordially refer to [2] and [9].
In the case Δ1 = 1 we will often write C1(η ⊗ ξ) = 12 {η, ξ} and we will call M a special graded manifold. For
example in Lorentzian signature Δ1 = 1 is always possible for the minimal real spinors, see [3] and [9].
A map jC :Γ S → X(M)1 is now canonically assigned to C0 = C. More precisely, jC(ϕ) acts via interior multipli-
cation with respect to the charge conjugation and, therefore, is a derivation of degree −1.
Consider a connection D on the spinor bundle S. For every vector field X ∈ X(Mred) the action of DX on A is that
of a derivation of degree zero. We write jD :X(Mred) → X(M)0 for the corresponding map.
The inclusion jD ⊕ jC :X(Mred)⊕ Γ S ↪→ X(M) gives rise to a splitting1
(1)X(M) = A ⊗ jX(Mred)⊕ A ⊗ jΓ S,
see [11] or [13]. We call a vector field X of degree (k, ) ∈ Z × Z2 if X ∈ ΓΛkS ⊗ Γ S for  = 1 and X ∈ ΓΛkS ⊗
X(Mred) for  = 0. The Z-degree of a vector field of degree (k, ) is defined as k−  ∈ Z, and (k− ) mod 2 coincides
with the induced Z2-grading. The even and odd parts of the vector fields are given by
(2)X(M)0/1 = A0/1 ⊗ X(Mred)⊕ A1/0 ⊗ Γ S
whereas the vector- and spinor-like fields are defined as X(M)v := A ⊗ X(Mred) and X(M)s := A ⊗ Γ S.
2. Filtrations and deformations
Filtrations
A filtration of a set X is an increasing sequence X = (Xn)n∈N of subsets of X, i.e. Xi ⊂ Xi+1, such that⋃
k Xk = X. A filtration is called finite if there exits a n0 such that Xk = X for all k  n0. A filtration of a linear
space X is an increasing sequence of linear subspaces which, in particular, is finite if X is finite dimensional. If X has
an algebra structure the filtration is called -compatible if  is the minimal number such that XiXi′ ⊂ Xi+i′+ for all
i, i′ ∈ N. A subsequence X ′ = (X′n)n∈N of X is called subfiltration. If the filtrations X = (Xn)n∈N and X ′ = (X′n)n∈N
of X obey Xi ⊂ X′i ⊂ Xi+1 for all i ∈ N we say X ′ supplements X . If X admits a Z2-grading, we call a filtration
X = {Xn}n∈N compatible with the grading if Xk mod 2k = Xk mod 2k+1 for all k.
We will apply these notions to the graded manifold M and discuss filtrations of the algebra of functions as well as
of the super Lie algebra of vector fields.
Consider the graded manifold M = (Mred,A). The algebra of superfunctions admits a natural 0-compatible filtra-
tion A =⊕k Ak with
(3)Ak :=
⊕
k
Γ ΛS.
1 We will omit the index at the inclusion maps if we fix the charge conjugation and the connection.
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given by W = {Wi}i0 and Ŵ = {Ŵi}i−1 with2
W4k := A2k ⊗ j (X)⊕ A2k−1 ⊗ j (Γ S),
W4k+1 := A2k ⊗ j (X)⊕ A2k ⊗ j (Γ S),
W4k+2 := A2k ⊗ j (X)⊕ A2k+1 ⊗ j (Γ S),
W4k+3 := A2k+1 ⊗ j (X)⊕ A2k+1 ⊗ j (Γ S),
and
Ŵ4k−1 := A2k−1 ⊗ j (X)⊕ A2k ⊗ j (Γ S),
Ŵ4k := A2k ⊗ j (X)⊕ A2k ⊗ j (Γ S),
Ŵ4k+1 := A2k+1 ⊗ j (X)⊕ A2k ⊗ j (Γ S),
Ŵ4k+2 := A2k+1 ⊗ j (X)⊕ A2k+1 ⊗ j (Γ S).
The filtrations W and Ŵ have the following properties:
• W and Ŵ are finite with X(M) = W2+1 = Ŵ2 for  dimS.
• Both filtrations are fine in the sense that Wm+1/Wm is homogeneous in X(M) with respect to the (Z × Z2)-
grading.
• Both filtrations are compatible with the Z2-structure, i.e. W 02k = W 02k+1 and W 12k−1 = W 12k as well as Ŵ 02k = Ŵ 02k+1
and Ŵ 12k−1 = Ŵ 12k .• With respect to the graded Lie bracket—see (22) for some basic formulas—W is 2-compatible and the two sub-
filtrations {W2n+1} and {W2n} are 1-compatible. Ŵ is 5-compatible, although its subfiltration {Ŵ2n} (= {W2n+1})
is 1-compatible.
The last point makes the filtration W the more natural one, nevertheless, we will need a combination of both.
By defining Gi := W 02i = Ŵ 02i and Ui := W 12i+1 = Ŵ 12i−1 we get an even and odd filtration {Gi} of X(M)0 and {Ui}
of X(M)1, respectively, which are explicitly given by
G2k = A02k ⊗ j (X)⊕ A12k−1 ⊗ j (Γ S),
G2k+1 = A02k ⊗ j (X)⊕ A12k+1 ⊗ j (Γ S),
U2k = A12k−1 ⊗ j (X)⊕ A02k ⊗ j (Γ S),
U2k+1 = A12k+1 ⊗ j (X)⊕ A02k ⊗ j (Γ S).
The filtrations are connected via Gk ⊕Uk = W2k+1 = Ŵ2k and Gk ⊕Uk−1 = W2k as well as Gk ⊕Uk+1 = Ŵ2k+1. In
particular
G2k+1 ⊕U2k = W4k+2 = A2k ⊗ j (X)⊕ A2k+1 ⊗ j (Γ S),
G2k+1 ⊕U2k+2 = Ŵ4k+3 = A2k+1 ⊗ j (X)⊕ A2k+2 ⊗ j (Γ S).
Definition 2.1. We define the filtration Z = {Zk}k0 by
(4)Z2k := W4k+2, Z2k+1 := Ŵ4k+3,
i.e. Zk = Ak ⊗ j (X)⊕ Ak+1 ⊗ j (Γ S).
The filtration Z has the following properties:
2 We write X := X(Mred) in this subsection.
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• Z is compatible with the Z2-grading, i.e. Z02k = Z02k+1 and Z12k−1 = Z12k .• Z is not fine with respect to the (Z × Z2)-grading but it is fine with respect to the Z-grading, i.e. the (Z × Z2)-
homogeneous elements in Zk/Zk−1 are of degree (k,0) or (k + 1,1).
• Z is a 0-compatible filtration.
Deformations
Definition 2.2. The deformation of a set X with respect to the filtration X is defined as the subset
(5)defXq X :=
{∑
akqk
∣∣ak ∈ Xk}
of Xq of formal power series in the (even) parameter q with coefficients in X.
Remark 2.3.
• Deformations as given above have been introduced by M. Gerstenhaber in a series of papers of which we would
like to mention the last one [7]. The author uses filtrations which obey Fj ⊂ Fj−1 with respect to a Z-grading.
Up to sign this coincides with our Z-grading.
• If X is a algebra and X = {Xn}n∈N is 0-compatible then defXq X is a subalgebra of Xq.
• If X is compatible with a given Z2-grading on X then defXq X is canonically Z2-graded.
Definition 2.4. Let M = (Mred,A) be a graded manifold. A deformation of M is defined by the deformation of A with
respect to the natural filtration (3). We write Mq := (Mred,defq A) with
(6)defq A := defnatq A ⊂ Aq.
The vector fields on the deformed graded manifold Mq are given by the derivations of the algebra defq A, and will be
denoted by X(Mq) = der(defq A).
Proposition 2.5. Let Mq be the deformation of the graded manifold M = (Mred,A) and A = ΓΛS. The vector fields
of the deformed graded manifold Mq are connected to the filtration Z of X(M) cf. Definition 2.1 by
(7)X(Mq)∩ X(M)q= defZq X(M).
Proof. The deformation of X(M) with respect to Z is given by
defZq X(M) =
{∑
akqk | ak ∈ Zk
}
=
{∑(
ak ⊗ j (X)+ bk+1 ⊗ j (θ)
)
qk | a, b ∈ A, X ∈ X(Mred), θ ∈ Γ S
}
=
{∑
akqk ⊗ j (X)+
∑
bk+1qk ⊗ j (θ) | a, b ∈ A, X ∈ X(Mred), θ ∈ Γ S
}
= {a ⊗ j (X)+ b ⊗ j (θ) | a ∈ defq A, b ∈ A1 · defq A, X ∈ X(Mred), θ ∈ Γ S}
= defq A ⊗ j
(
X(Mred)
)⊕ A1 · defq A ⊗ j (Γ S).
The derivations of defq A form a subset of der(Aq). A careful examination of the possible homogeneous summands
leads to
der(defq A) = defq A ⊗ j
(
X(Mred)
)⊕ A1 · defq A ⊗ j (Γ S)︸ ︷︷ ︸ ⊕ q · defq A · ∂∂q
∩ ∩
der
(
Aq
)= X(M)q ⊕ Aq ∂
∂q .
Comparing the two spaces finishes the proof. 
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Mass dimensions
θ ∈ q2Z02 ⇒ [θ ] ∈ {, + 1, . . . ,2}
θ ∈ q2Z12 ⇒ [θ ] ∈ {+ 12 , + 32 , . . . ,2+ 12 }
θ ∈ q2+1Z02+1 ⇒ [θ ] ∈ {+ 1, + 2, . . . ,2+ 1}
θ ∈ q2+1Z12+1 ⇒ [θ ] ∈ {+ 12 , + 32 , . . . ,2+ 32 }
Mass dimension
It is natural to express the units of all physical values in powers of the unit of mass and we call this power the
mass dimension. For example, we have [energy] = [momentum] = [acceleration] = +1 or [time] = [length] = −1 or
[velocity] = 0. In this context a vector field as a field of directional derivatives or velocities has mass dimension 0. It is
natural to assign to a spinor mass dimension − 12 so that a supersymmetry generator has mass dimension + 12 . A multi
spinor θ ∈ ΛkΓ S, thus, has mass dimension − k2 .
The even formal parameter q is defined to be of mass dimension [q] := 1. With this notation we get the following
possible mass dimensions for vector fields of Mq contained in defZq X(M) (see Table 1).
Remark 2.6. The mass dimension of vector fields in X(M) coincides with the Z-degree up to a factor −2. So the
mass-dimension coincides with grading cf. Gerstenhaber, at least up to a factor of 2. Therefore, the mass dimension
on defZq X(M) may be identified with an extension of the Z-grading on X(M) where q has degree −2. This extension
is compatible with the Z2-grading because q is even.
Because q has mass dimension one it may be identified with the physical value energy. This motivates the following
general definition.
Definition 2.7. For a subset U ⊂ defXq X of a deformation of X with respect to a filtration X we call U mod q the
classical limit and U mod q2 the semiclassical limit. The terms which are proportional to qk with k  2 are called
high energy contributions. If we want to emphasize that the high energy contributions turn U into an algebra we call
them high energy corrections.
3. Torsion and admissibility
In this section we will give the construction of torsion of arbitrary spinor connections. The result of the construction
is an extension of the notion of torsion for connections on the tangent bundle of a pseudo Riemannian manifold. It is
a proper extension in such a way that for metric connections on the spinor bundle, i.e. those which are lifted from a
connection on TM via the Clifford map, both notions coincide. The torsion of an arbitrary connection D depends on
the choice of a spin invariant bilinear form C on the spinor bundle (see Definition 3.4). This is the price for the fact
that the class of connections we will consider will not preserve the charge conjugation in general, see Definition 3.7,
Remark 3.8, and Proposition 3.10. For the proofs of the statements and an extended discussion of the objects which
we recall below we cordially refer the reader to [10] where the torsion of spinor connections has been introduced.
As in Section 1, we denote the charge conjugation on the spinor bundle S by C. Moreover, we take the Clifford
map as γ ∈ TM ⊗ S → S or γ : TM → End S depending on what is more convenient in the respective situation. For
the images of a local base {ek} of TM we use the common notation γ (ek) = γk .
Given a spinor connection on S, we denote the connection which is induced by D and the Levi-Civita connection
on bundles constructed of S and TMred by algebraic operations by the same symbol D, e.g. D(η ⊗X) = Dη ⊗ X +
η ⊗ ∇X for η ∈ Γ S and X ∈ X(Mred) or (Dα)(η) = −α(Dη) for α ∈ Γ S∗ and η ∈ Γ S.
We will assign to the connection D another connection DC on S by requiring that the connection D ⊗1+1⊗DC
on S ⊗S makes the charge conjugation parallel, i.e. C(DXη, ξ)+C(η,DCXξ) = 0 for all η, ξ ∈ Γ S and X ∈ X(Mred).
The next remark is obtained immediately.
F. Klinker / Differential Geometry and its Applications 26 (2008) 566–582 571Remark 3.1. For Ω ∈ Γ End(S) we define ΩC ∈ Γ End(S) by C(ΩCη, ξ) := C(η,Ωξ) for all ξ, η ∈ Γ S. Then the
curvature R of D and the curvature RC of DC are related by(
R(X,Y )
)C = −RC(X,Y ).
We endow the bundle of End(S)-valued tensors with a connection Dˆ which is induced by D, DC and ∇ in the
following way.
Definition 3.2. Let Φ ∈ X(Mred)⊗k ⊗Ω1(Mred)⊗ ⊗End(S). The connection Dˆ is defined by
(8)(DˆZΦ)(X)ξ := DZ
(
Φ(X)ξ
)−Φ(∇0ZX)ξ −Φ(X)DCZξ
for all spinors ξ ∈ S, tensor fields X ∈ Ω1(Mred)⊗k ⊗ X(Mred)⊗, and vector fields Z ∈ X(Mred).
We consider the representation adC of End(S) on itself given by
(9)adCΩ : End(S) → End(S), adCΩΦ := ΩΦ +ΦΩC.
Remark 3.3.
• adC and Dˆ are compatible in the following way:
(10)Dˆ(adCΩΨ )= adCDΩΨ + adCΩDˆΨ.
• Denote by Ω± the two respective projections on the (±1)-eigenspaces of (·)C . Then adCΩΦ = [Ω−,Φ] +{Ω+,Φ}.
• Furthermore we have (adCΩΦ)C = adCΩΦC which yields that adCΩ preserves the (±1)-eigenspaces of the linear
map Φ → ΦC for all Ω ∈ End(S).
Definition 3.4. Let D be a connection on the spinor bundle S over the manifold Mred. Denote the Levi-Civita connec-
tion on Mred by ∇ and the Clifford map by γ : X(Mred) → Γ End(S). The torsion T ∈ Ω2(Mred)⊗Γ End(S) of D is
defined by two times the skew symmetrization of Dˆγ :X(Mred)⊗ X(Mred) → Γ End(S), i.e.
(11)T (X,Y ) = (DˆXγ )(Y )− (DˆY γ )(X).
Remark 3.5.
• We write (DˆXγ )(Y ) = DˆX(γ (Y ))− γ (∇XY). If we omit the map γ we get
T (X,Y ) = DˆXY − DˆYX − [X,Y ].
• In terms of the difference A = D − ∇ ∈ Ω1(M)⊗ Γ End(S) the torsion may be written as
T (X,Y ) = adCA(X)Y − adCA(Y )X.
• The torsion has symmetry Δ1, i.e. we have C(η,Tμνξ) = Δ1C(ξ,Tμνη) for all η, ξ .
• For a metric connection D on S the torsion coincides with the torsion defined by the connection D on Mred.
The torsion obeys some Bianchi-type identities.
Proposition 3.6. Let D be a connection on the spinor bundle S over the (pseudo) Riemannian manifold Mred. The
torsion T and the curvature R of D obey
(12)Dˆ[κTμν] = adC(R[κμ)γν],
(13)Dˆ[κ
(
adCRγ
)
μνρ] = adC(R[κμ)Tνρ].
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(14)D[κRμν] = 0.
The difference A = D−∇ of the spinor connection D and the Levi-Civita connection ∇ is an End(S)-valued one-
form on Mred. Therefore A(X) can be decomposed into its homogeneous summands via the morphism C∗. Usually,
for a given -form F on Mred the two terms X ∧ F and XF both contribute to physically relevant connections.3
Due to the fact that either X ∧ F or XF preserve the charge conjugation—but in no case both of them—the class of
connections which is adapted to our purpose will be different.
Definition 3.7. Let D be a connection on S and K1 ⊂ Γ S a subset. We call the pair (D,K1) admissible if the
symmetric part of Dˆγ acts trivially on K1 and if D is fixed, we call K1 admissible. We call D admissible if Dˆγ is
skew symmetric
Remark 3.8.
• If (D,K1) is admissible and T is the torsion of the connection D = ∇ +A we have Tμνξ = 2Dˆμγνξ = 2adCAμγνξ
for all ξ ∈ K1.
• If the connection D on S is admissible so is (D,K1) for all K1 ⊂ Γ S.
• Admissible metric connections are exactly those metric connections with totally skew symmetric torsion.
In particular, the next two propositions makes admissibility appropriate concept for our main purpose.
Proposition 3.9. The connection D = ∇ + A on S is admissible if and only if each summand is of AX is of the form
X ∧ F or XF with Δdeg(F )Δ1 = −1. In particular admissibility only depends on the form F .
Proposition 3.10. If K1 ⊆ {η ∈ Γ S; DCη = 0}. Then for all η, ξ ∈ K1 the vector field {η, ξ} is Killing if and only if
(D,K1) is admissible.
Admissibility of a connection is an algebraic property and has the following consequence.
Lemma 3.11. Let D be an admissible connection with torsion T . Then (12) in Proposition 3.6 allows to express the
curvature of the Levi-Civita connection in terms of R and T :
(15)R0κμνλγ λ = adCRκμγν − Dˆ[κTμ]ν.
4. SUSY structures onMq
Consider a (pseudo) Riemannian spin manifold Mred such that Δ1 = 1. We use the notations introduced above,
i.e. A = ΓΛS with its canonical filtration and canonical deformation defq A, the graded manifold M = (M,A), its
deformation Mq = (Mred,defq A), and the filtration Z = {Zn}n∈N such that defZq X(M) = X(Mq)∩ X(M)q.
Definition 4.1. Let Mred be a (pseudo) Riemannian spin manifold with charge conjugation obeying Δ1 = 1. Further-
more let S be a spinor bundle over Mred and A the sheaf of sections in ΛS. Let Mq be the deformation of the graded
manifold M = (Mred,A). A SUSY structure on Mq is a subsuperalgebra S ⊂ defZq X(M) ⊂ X(Mq) which is given by
the following data. A connection D on S which determines the splitting (1), two C-linear maps
(16)e :X(Mred) → X(Mq)0, o :Γ S → X(Mq)1
two subspaces K0 ⊂ X(Mred) and K1 ⊂ Γ S, as well as a subspace Z ⊂ defZq X(M), such that
3 For example the supergravity connection in eleven dimension has a four-form contribution via Dμ − ∇μ = − 136Fμνρσ γ νρσ +
1
288F
νρστ γμνρστ , compare [5].
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(b) Z is a module over S mod q2.
(c) S mod q is a semidirect product with non-vanishing commutators
[e(X), e(Y )] = e([X,Y ])
[e(X),o(η)] = o(LXη)
}
mod q
for all X,Y ∈ K0 and η ∈ K1.
(d) S mod q2 is a Lie superalgebra with non-vanishing commutators
[e(X), e(Y )] = e([X,Y ])
[e(X),o(η)] = o(LXη)
[o(η),o(ξ)] = qj ({η, ξ})
[e(X),qj (Y )] = qj ([X,Y ])
⎫⎪⎪⎪⎬⎪⎪⎪⎭ mod q
2
for all X,Y ∈ K0 and η, ξ ∈ K1.
The SUSY structure is called mass preserving if e and o preserve the mass dimension. The elements in K0 and K1 are
called even and odd Killing fields, respectively. The SUSY structure is called pure if Z = 0 mod q2 and Z is generated
by K0 and K1, and it is called finite if Z is finite.
From Table 1 we see that the maps o and e preserve the mass dimension as well as the Z2-degree only if
image(e) ⊂ j(X(Mred))⊕ Γ S ⊗ j (Γ S) ⊂ Z00,
image(o) ⊂ j (Γ S)⊕ qΓ S ⊗ j(X(Mred))⊕ qΓΛ2S ⊗ j (Γ S) ⊂ Z10 ⊕ qZ11 .
Remark 4.2.
• In particular, (c) yields that K0 has to be subalgebra of the vector fields and K1 has to be invariant under the Lie
action of K0 and S mod q is isomorphic to K0  K1. In (d) the even and odd generators are given by K0 and K1,
respectively.
• The parameter which describes the higher order terms of the algebra S has mass dimension 1 and may therefore
be interpreted as energy. A useful interpretation of this fact is the following: For low energies the even fields of in-
finitesimal transformations and their odd counterparts decouple but for increasing energies supersymmetric effects
have to be taken into account. Moreover, further increasing the energy leads to higher order terms contributing to
the algebra.
• If η ∈ K1 obeys {η,η} = 0, for example η is a pure spinor, then defq A is a Q-algebra in the sense of [14] by
taking Q := o(η).
Definition 4.3. Consider the manifolds Mred, M and Mq as before. Let D be a spinor connection on S. We define
(17)e :X(Mred) → X(Mq)0, e(X) := LX,
(18)o :Γ S → X(Mq)1, o(ϕ) := j (ϕ)+ qı(ϕ).
Here
ı :Γ S
ı0
↪→ Γ S ⊕ Γ S 3
2
= Γ S ⊗ X(Mred) j↪→ X(M)1,v
where ı0 is the spin-invariant inclusion such that o(ϕ)(η) = 〈ϕ,η〉+ qγ μϕ ∧Dμη. If we write D = ∇ + A, the image
of e in terms of j is e(X) = j (X)− ∇X − AX .
Theorem 4.4. We consider the deformation Mq of the special graded manifold M = (Mred,A). Let D be a connection
on the spinor bundle S over the reduced manifold. Let K0 ⊂ X(Mred) be the subset of Killing vector fields on Mred
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parallel spinors such that (D,K1) is admissible. Then K0, K1 and e, o cf. Definition 4.3 define a mass preserving,
pure SUSY structure on Mq.
Remark 4.5. The subset of Killing vector fields that leave the connection D invariant is a subalgebra, due to
[L[X,Y ],DZ] = [LX, [LY ,DZ]] − [LY , [LX,DZ]].
Remark 4.6. For a supersymmetry realization similar to S mod q with D to be the Levi-Civita connection we refer
to [1]. Moreover, the semidirect product K0  K1 has also been used in [8] as an ansatz to construct superalgebras
including twistor spinors. The counterexample presented by the author perfectly fits in our setting, because the Killing
connection D = ∇ + iγ is not admissible for the used inner product on the spinor bundle.
In Appendix A we will examine in detail the higher order contributions to the SUSY structure introduced in
Theorem 4.4. This also provides a proof of the statement formulated therein. In particular we recall that the choice of
charge conjugation on the spinor bundle S over the reduced manifold Mred is in such a way that Δ1 = 1. Some of the
relations we will use in the following have also been used in [10] when we discussed second order commutators and
their relations to the Bianchi identities cf. Proposition 3.6.
We will see that all we need to know to construct a basis of the center of the pure SUSY structure module qk+1 are
mixed commutators of  powers of D with k− powers of ı for 0  k. The elementary summands of contributions
to the center (modulo qk+1) are shown to be obtained by the kth power of images of ı as well as contractions with
images of j . We will become more precise at suitable place. We will describe the SUSY structure cf. Theorem 4.4 up
to terms of order q2.
4.1. The SUSY structure up to order 1
Lemma 4.7. In the situation of Theorem 4.4 we have
(19)[o(ϕ),o(ψ)]= qD{ϕ,ψ} + q2B(R;ϕ,ψ)+ q2D(T ;ϕ,ψ)
for all ψ,ϕ ∈ K1. We use the short notations
(20)B(R;ϕ,ψ) = γ μϕ ∧ γ νψRμν,
(21)D(T ;ϕ,ψ) = 1
2
(γ μϕ ∧ Tμνψ + γ μψ ∧ Tμνϕ)⊗Dν.
For X,Y ∈ X(Mred), ϕ,ψ ∈ Γ S and Φ ∈ Γ End(S) the following fundamental commutation relations hold[
j (X), j (Y )
]= R(X,Y )+ j([X,Y ]),[
j (ϕ), j (ψ)
]= 0, [j (X), j (ϕ)]= j(DCXφ),
(22)[Φ,j (ϕ)]= j(−ΦCϕ), [j (X),Φ]= DXΦ.
From this we get
(23)[j (ϕ), ı(ψ)]= 1
2
D{ϕ,ψ} + γ μψ ⊗DCμϕ,
(24)
[
ı(ϕ), ı(ψ)
]= γ μϕ ∧ γ νψRμν + γ μϕ ∧ γ νDCμψ ⊗Dν + γ μψ ∧ γ νDCμϕ ⊗Dν
+ γ μϕ ∧ adCAμγ ν ψ ⊗Dν + γ μψ ∧ adCAμγ ν ϕ ⊗Dν.
Due to Definition 3.4 and Remark 3.5 the latter yields
(25)[o(η),o(ξ)]= qD{η,ξ} + q2γ μη ∧ γ νξRμν + q22 (γ μη ∧ Tμνξ ⊗Dν + γ μξ ∧ Tμνη ⊗Dν)
for η, ξ ∈ K1 which proves Lemma 4.7. To describe the SUSY structure we also need
(26)[e(X),D{η,ξ}]= D{LXϕ,ψ} +D{ϕ,LXψ} as well as [j (ϕ),D{η,ξ}]= 0
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high energy corrections, and therefore for the complete proof, we refer to Appendix A. Before we come to this point
we will turn to some examples, in which we will primarily discuss the first order contributions.
4.2. Examples
We have the following simple but important example.
Example 4.8. Consider flat space Rn with flat connection on its trivial spinor bundle. Then the SUSY structure cf.
Theorem 4.4 admits no higher order corrections and we recover the usual supersymmetry algebra for q = 1.
For D to be the Levi-Civita connection we get the next class of examples generalizing the first example.
Example 4.9. Consider a Riemannian spin manifold of dimension 2n and holonomy SU(n). The SUSY structure
constructed with D to be the Levi-Civita connection is finite and K1 is of dimension two. In particular no torsion
terms are present. The same but with dim K1 = 1 holds for Riemannian manifolds of dimension eight or seven and
holonomy Spin(7) or G2. The results on supersymmetric Killing structures in [9] on such manifolds can be obtained
by setting q = 1.
Now we turn to an example with non-vanishing torsion.
Example 4.10. Given a seven dimensional Riemannian manifold (N, gˆ) and a three dimensional Lorentz manifold
(H,h). Consider the product manifold M = N ×H with metric g = gˆ⊕h of Lorentzian signature. The spinor bundle
S of M can be written as the tensor product of the two respective spinor bundles, more precisely S+ = SN ⊗ SH and
the same for S−. The Clifford map decomposes in the same way
γM =
(
γN ⊗ 1+ 1⊗ γH
γN ⊗ 1+ 1⊗ γH
)
.
We refer to Appendix B for an explicit choice of matrices. In particular this choice is used for explicit calculations.
We specify the above situation and begin with the seven dimensional summand. N is assumed to be a manifold
which admits a G2 structure ω parallel with respect to a given metric connection. The torsion of this connection shall
be contained in the one dimensional g2-invariant subspace of Λ3TN . Therefore the connection can be written as
(27)DNμ = ∇μ +
λ
4
ωμνκγ
νκ
and N is an Einstein space with scalar curvature described by the constant λ (see [6]). In this case there exists exactly
one spinor η such that Dη = 0. Furthermore, the spinor and the invariant form ω are connected via ω ∼ CN3 (η, η). In
particular, the only non-trivial forms which can be obtained by η are CN3 (η, η) and C
N
0 (η, η) =: |η|2 as well as their
Hodge duals.4 Because |η|2 is constant we will consider it to be normed, i.e. |η|2 = 1.
The three dimensional part is specified in the following way. We consider H to be a Lie group with totally skew
symmetric structure constants fabc . In particular the Lia algebra in this case is given by u(1)⊕ u(1)⊕ u(1) in the case
of vanishing structure constants and sl(2) in the remaining case. The metric h is given in such a way that it is diagonal
with respect to a choice of generators (E1,E2,E3) of the Lie algebra h of H with h(E1,E1) = −1, h(E2,E2) =
h(E3,E3) = 1. The Levi-Civita connection in this case is determined by h(∇EaEb,Ec) = 12fabc . On H and therefore
on SH we consider the flat connection, which in the chosen ON-frame is given by
(28)DHa = ∇a −
1
4
fabcγ
bc.
Of course all constant spinors are parallel with respect to this connection.
4 This is due to the fact that Δ0 = Δ3 = Δ4 = Δ7 = 1 and Δ1 = Δ2 = Δ5 = Δ6 = −1 on a seven dimensional Riemannian manifold (compare
[9]).
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nection D given by (27) and (28). Furthermore we define K1 as the (two dimensional) space of D-parallel spinors of
positive chirality,
(29)K1 = span{η1, η2}, with η1 := η ⊗ (1,0)T , η2 = η ⊗ (0,1)T .
This turns this example into a candidate for type IIB gravity background. The spinors in K1 yield Killing vector fields
(30)Xαβ := C1(ηα, ηβ) = γ˜ aαβEa
or explicitly X11 = i(E1 − E3), X22 = i(E1 + E3), and X12 = iE2. Due to the fact that |η|2 is constant with respect
to D, the Xαβ belong to the set K0 of Killing vector fields on M that leave the connection invariant. The result is
summarized as follows.5
Proposition 4.11. We consider the manifold (M,g) and connection D as defined above. Let Z2 be the lowest order
corrections to the SUSY structure cf. Theorem 4.4. A basis of Z2 is given by
(31)D(T ;ηα, ηα′) = η1 ∧ η2 ⊗DXαα′ + λ
(
ωμ ⊗ (eα ∨ eα′)
)⊗Dμ
and B(R;ηα, ηα′) which acts on a superfunction ξ ⊗ eβ ∈ Γ S ⊂ ΓΛS by
(32)B(R;ηα, ηα′)(ξ ⊗ eβ) = 2ξμRμνκλeκα ∧ eλα′ ∧ eνβ.
Recalling (20) and (21), the first order corrections to the SUSY algebra are
(33)D(T ;ηα, ηβ) = Dμ(T ;ηα, ηβ)⊗Dμ + Da(T ;ηα, ηβ)⊗Da,
(34)B(R;ηα, ηβ) = Bμν(R;ηα, ηβ)γ μν + Bab(R;ηα, ηβ)γ ab.
Because D is chosen to be flat in the three dimensional component of M , the second summand in (34) vanishes. The
second summand of (33) is
(35)Dc(T ;ηα, ηβ) = fabcγ aηα ∧ γ bηβ = 12 (η ∨ η)⊗ (fabcγ
aeα ∧ γ beβ).
Due to the Fierz identity, which explicitly reads as
(36)η ⊗ ξ =
∑
n
Δ0(−Δ0Δ1)n
n! dimS C(η, γ
(n)ξ)
(
Cγ(n)
)
,
and the symmetries Δ30 = −Δ31 = −1 we have
γ [aeα ∧ γ b]eβ = 12C
H(γ [aeα, γ b]eβ)(CH )αβeα ∧ eβ
= CH(γ abeβ, eα)e1 ∧ e2
= f abc(γ˜c)βαe1 ∧ e2.
This together with (35) yields the vertical part of (31).
If we use the explicit form of the γ -matrices from Appendix B we see, that in these coordinates η = e8, i.e.
γμη = eμ. Therefore γ[νη ∧ γκ]η = e[ν ∧ eκ] such that the horizontal component of (31) is given by
Dμ(T ;ηα, ηβ) = λωμνκγ νηα ∧ γ κηβ
= λ
2
ωμνκ(eν ∧ eκ)⊗ (eα ∨ eβ)
= λωμ ⊗ (eα ∨ eβ) .
5 By {eα} we denote the standard basis of flat R3 and by {eμ, e8} the basis of SN induced by the g2-structure. Moreover we write eμα = eμ ⊗ eα .
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B(R;ηα, ηβ) = Rμνκλγκηα ∧ γληβγμν
= 1
2
Rμνκλ
(
(eκ ∧ eλ)⊗ (eα ∨ eβ)
)
γμν
= 1
2
Rμνκλeκα ∧ eλβγμν.
We recall that D is a g2-connection and therefore the curvature takes its values in g2, i.e. Rμνκλωκλσ = 0 or equiv-
alently Rμνκλ = 23 (δσμδτν + 14 ∗ ωμνστ )Rστκλ which is 2Rμνκλ = ∗ωμνστRστκλ. For π, θ = 8 we may decompose
(γ μν)πθ into the projections Π+, Π− onto the summands of the decomposition so(7) = g2 ⊕ 7
(γ μν)πθ = −4 · 23
(
δ[μπ δ
ν]
θ +
1
4
∗ωμνπθ
)
+ 2 · 1
3
(
δπ[μδθν] −
1
2
∗ωμνπθ
)
.
The result (32) now follows from
Rμνκλγ
κλξ = Rμνκλ
(
(γ κλ)πθ ξθ eπ + (γ κλ)π8ξ8eπ + (γ κλ)8πξπe8
)
= Rμνκλ
(
2(Π−)κλπθ ξθ eπ − 4(Π+)κλπθ ξθ eπ −ωκλπξ8eπ +ωκλπξπe8
)
= 4ξθRθμνκeκ .
5. Concluding remarks and outlook
In the preceding sections we described supersymmetry as a semiclassical limit of a geometric structure on a de-
formed supermanifold. After providing the necessary tools we defined the SUSY structure in Definition 4.1. The
example cf. Theorem 4.4 was discussed in detail. The constructive proof and in particular Lemma A.4 provides an
explicit list of all possible high energy corrections to S in terms of curvature and torsion of the connection D on
the spinor bundle as well as their covariant derivatives. So this list allows calculations with explicit examples. Due
to Lemma A.1 the amount of elements in Z increase rapidly with raising order which may make the calculations
lengthy. In many cases some of the terms vanish due to the geometry of the underlying manifold, like in Example 4.10
or the discussion of Killing structures in [9]. Another way to avoid correction terms is to break supersymmetry, i.e.
we restrict to subsets of the admissible set K1. This is practically achieved by imposing vanishing conditions on some
of the higher order terms. When we discussed brane metrics in [10] the vanishing of D(T , ·, ·) restricted the parallel
spinors to those contained in the kernel of the basic vector field of the metric. In view of future work one might con-
struct actions of the infinitesimal automorphism S of Mq on sets of fields which allow defining generalized invariant
Lagrangians. This should be done by taking into account natural bundles over Mq which contain deformations of fields
with arbitrary spin content. In this respect it might also be interesting in what way quasi morphisms of the algebra S
can be obtained. They are candidates for duality transformations between different models.
Appendix A. Proof of Theorem 4.4
A.1. High energy corrections to the SUSY structure
The contributions to the SUSY structure of order two or higher in q have been collected in the set Z. For Z to be
pure it must be generated by K1 and K0. The following construction will help us to describe the higher order terms of
the SUSY structure cf. Theorem 4.4.
Let D and ı be abbreviations for the maps from Γ S⊗Γ S and Γ S to X(M) given by η⊗ξ → D{η,ξ} and η → ı(η).
For k  2 we consider maps Xk :
⊕2k
=k Γ S⊗ → X(M) which images are given by all possible commutators of
exactly k images of D and ı. For example in the case k = 5 such map may be [D, [ı, [D, [D, ı]]]]. We define
Uk := span{images of Xk}.
From the construction it is clear that Uk ⊂ Zk .
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Uk is spanned by at most 2k−1 linear independent types of elements of which akj are (2k − j)-linear. Here akj =(
k−3
j−3
)+ (k−3
j−2
)+ (k−3
j−1
)+ (k−3
j
) for j = 0, . . . , [ k+22 ] − 1 and akj = akk−j for [ k+22 ] j  k. If k > dimS the maximal
number of elements is reduced to ∑k−dimSj=0 akj .
Proof. A basis of Uk will be constructed recursively. Starting with k = 2 we will for k  3 get Uk = span{images
of Xk1, . . . ,X
k
2k−1} and, in particular, akj of these maps are (2k − j)-linear.
We start with U2. All maps we get by commutators of D and ı are
X21(η1, η2) =
[
ı(η1), ı(η2)
]
,
X22(η1, η2, η3) =
[
D{η1,η2}, ı(η3)
]
,
X23(η1, η2, η3, η4) =
[
D{η1,η2},D{η3,η4}
]
.
This list—with ηj varying over Γ S—provides a basis for U2.
We list some elements from U3:
X31(η1, . . . , η3) =
[
ı(η1),
[
ı(η2), ı(η3)
]]
,
X32(η1, . . . , η4) =
[
ı(η1),
[
ı(η2),D{η3,η4}
]]
,
X33(η1, . . . , η5) =
[
D{η1,η2},
[
D{η3,η4}, ı(η5)
]]
,
X34(η1, . . . , η6) =
[
D{η1,η2},
[
D{η3,η4},D{η5,η6}
]]
.
This list—with ηj varying over Γ S—provides a basis for U3 because the missing combinations are given by
[D, [ı, ı]] = [ı, [D, ı]] + [ı, [D, ı]] and [ı, [D,D]] = [D, [ı,D]] − [D, [D, ı]] due to the Jacobi identity.
The basis for U3 is the starting point of the recursion process. The commutators of the basis of Uk with images
of ı or D yields elements in Uk+1. This gives an (m + 1)-linear or an (m + 2)-linear element from an m-linear
element.
In fact this process yields a basis of Uk because all symmetries which come from the Jacobi identity and which may
reduce the dimension have been used in the step from k = 2 to k = 3. In particular more complicated commutators are
ruled out by the Jacobi identity as well, e.g. for k = 4 we have [[A,B], [C,D]] = [A, [B, [C,D]]]− [B, [A, [C,D]]].
Therefore, for k  4 a basis of Uk is constructed by
Xkα =
[
ı(·),Xk−1α
]
and Xk2k−2+α =
[
D{·,·},Xk−1α
]
for 1 α  2k−2.
We denote the maximal number of (2k − j)-linear elements in the basis of Uk by akj . The statement on these
numbers is a consequence of the recursion process and we may deduce them from a combination of four Pascal
triangles cf. Table 2.
This yields that the maximal number of different types of basis elements in the case 3  k  dimS is given
by
∑k
j=0 akj = 2k−1. The number of elements reduces for k > dimS because as a result of the above process the
(2k − j)-linear vector fields have coefficients in ΓΛjS ⊕ ΓΛj+1S which vanishes for j = dimS + 1, . . . , k. So the
corrected value is
∑dimS
j=0 akj as stated. 
Proposition A.2. We consider the situation of Theorem 4.4 and expand Z as Z =⊕qkZk with Zk ⊂ Zk . Then Zk = Uk
where the maps Xα are restricted to K1. The mass dimension of a (2k − j)-linear element of the basis is 2k−j2 .
Remark A.3. The action of K0 has no effect on the shape of the elements in U :=⊕k Uk if we restrict the maps to
K1 due to the compatibility of the connection with the infinitesimal transformations of Mred.
Proof of Proposition A.2. The commutators [o(K1),o(K1)] form a subset of qj (K0) ⊕ q2U2|K1 . The construction
of U yields that the restriction of Uk is a subset of Zk . Due to the Jacobi identity we have [Uk,U] ⊂ Uk+ such that
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The maximal number ak
j
k = 3 4 5 6 7 8 9 . . .
· · · · · · 1
· · · · · 1
· · · · 1 7
· · · 1 6
· · 1 5 22
· 1 4 16
1 3 11 42
↗ 2 7 26
ak0 1 4 15 56
↗ 2 8 30
ak1 1 4 15 56
↗ 2 7 26
ak2 1 3 11 42
↗ 1 4 16
ak3 ↗ 1 5 22
ak4 ↗ 1 6
ak5 ↗ 1 7
ak6 ↗ 1
ak7 ↗ 1
ak8 ↗
ak9
for the proof of equality of Zk and Uk we need to show that o(K1) acts on
⊕
qkUk . This is of course true for the
second summand of o = j + ı. For the first summand we recall that due to the Jacobi identity as well as (26) and
(23) any contraction of one of the basic maps in Uk by ξ ∈ K1 can be expressed as a linear combination of maps
from Uk .
A (2k − j)-linear basic element is a summand of the result of (k − j) contractions of the kth power of ı,
i.e. [j (ξ1), [. . . , [j (ξk−j ), [ı(η1), [. . . [ı(ηk−1), ı(ηk)] . . .]]] . . .]], which belongs to ΛjΓ S ⊗ j (X(Mred)) ⊕ Λj+1S ⊗
j (Γ S). Taking into account the prefactor qk the mass dimension is k − j2 = 2k−j2 . 
Lemma A.4. Each element in Zk is a linear combinations of terms of the form
(A.1)Cν1...νkΦμ1(1)ν1η1 ∧Φμ2(2)ν2η2 ∧ · · · ∧Φμk(k)νkηkΨμ1...μk
and terms of the form
(A.2)Cκ1...κkΩ μ(1)κ1η1 ∧Ω(2)κ2η2 ∧ · · · ∧Ω(k)κkηk ⊗Dμ
with ηj ∈ K1 for all j , as well as terms with one or more of the k factors contracted by elements in K1. The contrac-
tions C are in such a way that two factors have at most one index in common. (A.1) and (A.2) obey:
• The length | μ| of the multi-index μ = (μ1, . . . ,μk) is at least two and at most k, and all lengths appear in some
summand. Ψ is a covariant derivative of the curvature of at most degree (k − 2).
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is either of the form DˆT with −1   k − 3 or of the form adCDqRDˆpT with −1  q + p  k − 4, p  −1,
q  0.
• The length of the multi-index (κj ) is at least one and the length of (κ1, . . . , κk) is 2(k − 1). Ω(j) is either of
the form DˆT of degree −1    k − 2 or of the form adCDqRDˆpT of at most degree −1  p + q  k − 3,
p −1, q  0.
• All powers of derivatives from −1 up to the stated limits appear in some summand and in each summand the total
amount of derivatives is 0—here we naturally define Dˆ−1k T := γk and the curvature gives a value of two.
Proof. We consider the basis of Zk . To get the special type of the summands of each element in Zk we recall that each
summand which appears in a commutator of the form [D{·,·},Xk−1j ] also appears in contractions [j (·), [ı(·),Xk−1j ]].
Therefore, each summand appears in the kth power of ı, i.e. in [ı(η1), [· · · , [ı(ηk−1), ı(ηk)] · · ·]], or one of its con-
tractions. The statement on the shape of the summands is true for k = 2 and k = 3 (see below). The step of induction
is done by showing that [ı(·), Y (·k−1)] =∑Y(·k) with Y(·) as in (A.1) or (A.2). The fact that all summands appear
follows with (10). 
A.2. The lower order basic elements
We give the explicit form of the images of the maps Xkα for k = 2,3 when restricted to DC -parallel, admissible
spinors. This yields a description of the basic elements of Zk
k = 2
X21(η1, η2) = γ μη1 ∧ γ νη2Rμν +
1
2
γ μη1 ∧ Tμνη2 ⊗Dν
+ 1
2
γ μη2 ∧ Tμνη1 ⊗Dν,
X22(η1, η2, η3) = {η1, η2}μγ νη3Rμν +
1
2
{η1, η2}μTμνη3 ⊗Dν
− 〈η1,Tμνη2〉γ μη3 ⊗Dν,
X23(η1, . . . , η4) = R
({η1, η2}, {η3, η4})+ {η1, η2}μ〈η3,Tμνη4〉Dν
− {η3, η4}μ〈η1,Tμνη2〉Dν.
k = 3
X31(η1, η2, η3) = γ κη1 ∧ γ μη2 ∧ γ νη3(DκR)μν
+ 1
2
(
γ μη1 ∧ γκη2 ∧ T κνη3 + γ μη1 ∧ γκη3 ∧ T κνη2
+ γκη1 ∧ γ μη3 ∧ T κνη2 + γκη1 ∧ γ μη2 ∧ T κνη3
)
Rμν
+ 1
4
(
γ κη1 ∧ Tκμη2 ∧ T μνη3 + γ κη1 ∧ Tκμη3 ∧ T μνη2
+ T νκη1 ∧ γ μη2 ∧ Tμκη3 + T νκη1 ∧ γ μη3 ∧ Tμκη2
)⊗Dν
+
(
1
2
γ κη1 ∧ γ μη2 ∧ DˆκTμνη3 + 12γ
κη1 ∧ γ μη3 ∧ DˆκTμνη2
− γ κη2 ∧ γ μη3 ∧ adCRκμγνη1
)
⊗Dν,
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+
(
〈η3,T κμη4〉γκη1 ∧ γ νη2 + 〈η3,T κμη4〉γ νη1 ∧ γκη2
+ 1
2
{η3, η4}κγ μη1 ∧ T κνη2 + 12 {η3, η4}
μγκη1 ∧ T κνη2
)
Rμν
+ 1
2
(
〈η3,Tμκη4〉γ μη1 ∧ T κνη2 − 〈η3,T κνη4〉γ μη1 ∧ Tμκη2
+ 〈η3,Tμκη4〉T νκη1 ∧ γ μη2 + 12 {η3, η4}
μTκμη2 ∧ T νκη1
)
⊗Dν
+
(
1
2
{η3, η4}κγ μη1 ∧ DˆμTκνη2 − 〈η3, DˆμTκνη4〉γ μη1 ∧ γ κη2
+ {η3, η4}μγ κη2 ∧ adCRμκ γνη1
)
⊗Dν,
X33(η1, . . . , η5) = {η1, η2}κ{η3, η4}μγ νη5DκRμν
+
(
{η1, η2}κ 〈η3,T κμη4〉γ νη5 − {η1, η2}μ〈η3,T κνη4〉γκη5
+ 1
2
{η1, η2}κ {η3, η4}μT κνη5 + 12 {η1, η2}
μ{η3, η4}κT κνη5
)
Rμν
+ 1
2
({η1, η2}κ 〈η3,Tκμη4〉T μνη5 − {η1, η2}κ 〈η3,T μνη4〉Tκμη5
− 〈η1,T νκη2〉{η3, η4}μTμκη5 + 〈η1,T νκη2〉〈η3,Tμκη4〉γ μη5
)⊗Dν
+
(
1
2
{η1, η2}κ{η3, η4}μDˆκRμν − {η1, η2}κ 〈η3, DˆκTμνη4〉γ μη5
)
⊗Dν,
X34(η1, . . . , η6) = {η1, η2}κ{η3, η4}μ{η5, η6}νDκRμν
+ ({η1, η2}κ 〈η3,T κμη4〉{η5, η6}ν + {η1, η2}ν〈η3,T κμη4〉{η5, η6}κ
− {η1, η2}κ{η3, η4}ν〈η5,T κμη6〉 − {η1, η2}ν{η3, η4}κ 〈η5,T κμη6〉
)
Rμν
+ 1
2
({η1, η2}κ 〈η3,Tκμη4〉〈η5,T μνη6〉 − {η3, η4}κ 〈η5,Tκμη6〉〈η1,T μνη2〉
− {η1, η2}κ 〈η5,Tκμη6〉〈η3,T μνη4〉 + {η5, η6}κ 〈η3,Tκμη4〉〈η1,T μνη2〉
)
Dν
+ ({η1, η2}κ{η3, η4}μ〈η5, DˆκTμνη6〉 − {η1, η2}κ{η5, η6}μ〈η3, DˆκTμνη4〉)Dν.
Appendix B
For the calculations in Example 4.10 we work with the following explicit γ -matrix representations. On the three
dimensional factor we consider γHa with γH1 = iσ2, γH2 = σ1 and γH3 = σ3 as well as the charge conjugation
CH =
( −1
1
)
.
On the seven-dimensional factor we consider—with respect to an orthonormal frame of N—the γ -matrices with
(B.1)(γμ)νκ =
{
ωμνκ if μ,ν = 8,
δμν if κ = 8.
They are skew symmetric, such that CN = 1, and they obey
(γ μν)ρσ =
{
ωμνκ(γκ)ρσ − 4δ[μρ δν]σ = − ∗ωμνρσ − 2δ[μρ δν]σ if ρ,σ = 8,
ωμνκ(γ ) = ωμν if ρ = σ = 8,κ ρ8 ρ
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⎧⎪⎨⎪⎩
−ωμνκgρσ − 32δ{ρ [μωνκ]σ } if ρ,σ = 8,
∗ωμνκρ if ρ = σ = 8,
−ωμνκ if ρ = σ = 8,
where ω is the G2-structure of N . Some useful trace identities which also enter into the calculations are
ωμνκωκρσ = 2δ[μρ δν]σ − ∗ωμνρσ , ωμνκωρνκ = 6δμρ ,
(B.3)∗ωνκρλωμσλ = 6δ[μ[ν ωσ ]κρ], ∗ωνκρσωμνκ = −4ωμρσ .
We will often consider products of γ -matrices or there skew symmetrized products with the charge conjugation
matrix. The result is denoted by adding a ˜ to the matrices. In particular we have γ˜ Nμ = γ Nμ as well as
(B.4)γ˜ H1 =
(−i
−i
)
, γ˜ H2 =
(
i
i
)
, γ˜ H3 =
(−i
i
)
.
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